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Abstract 

We present a category-theoretic approach to universal homogeneous objects, 
with apphcations in the theory of Banach spaces and in set-theoretic topology. 
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1 Introduction 



2 Definitions and notation 

Categories will usually be denoted by letters £, 971, etc. Let ^ be a category. We 
shall write "a G for "a is an object of . Given a,b & ^, we shall denote by ^{a, b) 
the set of all .ft-morphisms from a to b. The composition of two compatible arrows / 
and g will be denoted hj g o f. A subcategory of is a category £, such that each 
object of £ is an object of R and each arrow of £ is an arrow of ^ (with the same 
domain and codomain). We write £ C ^. Recall that a subcategory £ of is full if 
£(a, b) = K{a, b) for every objects a, 6 G £. We say that £ is cofinal in K if for every 
object X E A there exists an object ?/ G £ such that A{x, y) ^ 0. The opposite category 
to ^ will be denoted by That is, the objects of are the objects of ^ and arrows 
are reversed, i.e. .^°P(a,6) = ^{b^a). 

Let be a category. We say that ^ has the amalgamation property if for every a, 6, c G 
and for every morphisms / G .^(a, 6), g G ^(a, c) there exist d & ^ and morphisms 
/' G .^(6, rf) and g' G .^(c, rf) such that f o f = g' o g. If, additionally, for every arrows 
/", g" such that f"of = g" o there exists a unique arrow h satisfying ho f = f" and 
ho g' = g" then the pair {f',g') is a pushout of {f,g)- Reversing the arrows, we define 
the reversed amalgamation and the pullback. We say that R has the jomi embedding 
property if for every a, 6 G .ft there exists g E K such that both sets R{a, g), R{b, g) are 
nonempty. 

Fix a category ^ and fix an ordinal 5 > 0. An inductive S-sequence in .ft is formally 
a covariant functor from 6 (treated as a poset category) into .ft. In other words, it 
could be described as a pair of the form ({a^}^<5, {a^}g<7,<5), where 6 is an ordinal, 
{ag : ^ < 5} C .ft and G R{a^, a^) are such that a^a^ = a| for every ^ < rj < g < 6. 
We shall denote such a sequence shortly by a. The ordinal S is the length of a. 

Let K be an infinite cardinal. A category .ft is k- continuous if all inductive sequences of 
length < K, have colimits in .ft. Every category is Ko-continuous, since the colimit of a 
finite sequence is its last object. More generally, we say that a category .ft is relatively 
K-continuous m £, if .ft C £ and every sequence in .ft of length < k has a colimit in £. 
A category .ft is n-bounded if for every inductive sequnece x in .ft of length X < n there 
exist y G .ft and a cocone of arrows {ya}a<\ such that ya - Xa ^ y and ypo x'^ = ya for 
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every a < (3 < X. Obviously, every /t-continuous category is ^-bounded. We shall write 
"(T-continuous" and "a-bounded" for "J^i-continuous" and "J^i-bounded" respectively. 
We shall need the following notion concerning families of arrows. Fix a family of arrows 
T vll & given category ^. We shall write Dom(.7^) for the set {dom(/) : / e T}. We say 
that is dominating in ^ if the family of objects Dom(J^) is cofinal in !F and moreover 
for every a e Dom(^) and for every arrow / : a — > x in ^ there exists an arrow g m. ^ 
such that go f & T. 

2.1 Arrows between sequences 

Fix a category ^ and denote by Seq<^(.^) the class of all sequences in ^ which have 
length < K. We shall write Seq^^(^) instead of Seq<^+(^) and instead of Seq^^p(^). 
We would like to turn Seq<^(j^) into a category in such a way that an arrow from a 

— * — * 

sequence a into a sequence h induces an arrow from lima into lim&, whenever ^ is 

— * 

embedded into a category in which sequences a, h have colimits. 

Fix two sequences a and 6 in a given category ^. Let A = dom(a), q = dom(6). A 
transformation from a to 6 is, by definition, a natural transformation from a into bo ip^ 
where </? : A — > ^) is an order preserving map (i.e. a covariant functor from X to g). 

— * 

In order to define an arrow from a to 6 we need to identify some transformations. Fix 
two natural transformations F : a — > 6 o (/? and G : a — > boip. We shall say that F and 
G are equivalent if the following conditions hold: 

(1) For every a ^ f3 such that (p{a) ^ i/j{f3) we have that o F{a) = G{j3) o of. 

(2) For every a ^ (5 such that %l){a) ^ ip{(5) we have that ° ^(^) = -^(/^) ° 

It is rather clear that this defines an equivalence relation. Every equivalence class of 
this relation will be called an arrow (or morphism) from a to b. It is easy to check that 
this indeed defines a category structure on all sequences in ^. The identity arrow of a 
is the equivalence class of the identity natural transformation ids : a ^ a. 

3 Praisse sequences 

Below we introduce the key notion of this work. 

Let be a category and let /t be a cardinal. A Fraisse sequence of length nin ^ (briefiy: 
a K-Fraisse sequence) is an inductive sequence u satisfying the following conditions: 

(U) For every x E ^ there exists ^ < k, such that R{x, u^) ^ 0. 

(A) For every ^ < k and for every arrow / G .^(m^, ?/), where y E ^, there exist rj ^ ^ 
and g e ^{y, w^) such that = g o f. 
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An inductive sequence satisfying (U) will be called R-cofinal. More generally, a collec- 
tion U of objects of R is K-cofinal if for every a; G ^ there isu &U such that ^{x, u) ^ 0. 
Condition (A) will be called amalgamation property. 

3.1 Basic properties 

Let v be a ^-sequence in a category ^. We say that v has the extension property if the 
following holds: 

(E) For every arrows / : a — 6, : a — Wq, in ^, where a < there exist j3 ^ a and 
an arrow h: h ^ vp such that i^o g = ho f. 

Clearly, this condition implies (A). 

Proposition 3.1. Let u be a n-Fraisse sequence in a category ^. Then A has the joint 
embedding property. Moreover, the following conditions are equivalent: 

(a) u has the extension property. 

(b) ^ has the amalgamation property. 

Proof. The first statement is trivial. Assume (a) and fix arrows f : z ^ x, g: z ^ y. 
Using (U), find h: x ^ u^, a < k. Using (E), find (3 a and k: y ^ such that 
kog = u^ohof. Thus (b) holds. 

Finally, assume (b) and fix arrows f : a ^ b and g: a ^ Ua, a < k. Using (b), find 
arrows /i : b ^ w and gi: Ua ^ w so that fio f = gio g. Using (A) for the sequence u, 
we find P ^ a and h: w ^ upso that hogi = u^. Thus {ho fi)o f = hogiog = u'^og, 
which shows that (a) holds. □ 

Proposition 3.2. Assume ^ is a category with the joint embedding property. Then 
every sequence in ^ satisfying condition (A) is Fraisse. 

Proof. Let w be a sequence in ^ satisfying (A). Fix x & ^. Using the joint embedding 
property, there exist w & ^ and arrows f : uq ^ w, g : x ^ w. Using (A), we find an 
arrow h: w ^ such that ho f = Uq. Thus K{x, u^) ^ 0, which shows (U). □ 

Proposition 3.3. Let ^ be a category, let u be an inductive sequence of length k in ^ 
and let S C. K be unbounded in k. 

(a) If u is a Fraisse sequence in ^ then u \ S is Fraisse in R. 

(b) If ^ has amalgamation and u \ S is a Fraisse sequence in ^ then so is u. 
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Proof. Assume m is a Fraisse sequence. Then u \ S clearly satisfies (U). In order to 
check (A), fix f : y with ^ G S". Then uj = g o f for some arrow g and for some 

r] ^ ^. Since S is unbounded in k, there is a G 5* such that a ^ rj. Then u'^ = u"o go f ^ 
which shows that u \ S satisfies (A). 

Now assume u f S* is a Fraisse sequence. Clearly, u satisfies (U). Fix f : ^ y, ^ < k. 
Find a G 5* with a ^ ^. Using the amalgamation property of find f : ^ z such 
that the diagram 

/' 

Ua--^Z 

9 

u^J-^y 

commutes for some arrow g in ^. Now, using (A) for -u f S*, we can find (3 & S such that 
(5 ^ a and h o f = holds for some h: z ^ m^. This shows that u satisfies (A). □ 

A Fraisse sequence can possibly have finite length. In that case, by Proposition 13.3( a). 
there is also a Fraisse sequence of length one - it is an object u which is cofinal in ^ 
and which satisfies the following version of (A): given / G where x G there 

exists g G .^(x, u) such that g o f = id^. We shall call u a Fraisse object in Given a 
Fraisse object u, the sequence m ^ -u — > . . . , where each arrow is identity, is a Fraisse 
sequence of length u. Thus, it follows from Theorem 13.91 below that a possible Fraisse 
object is unique, up to isomorphism. Below we give a direct proof of this fact. 

Proposition 3.4. Assume u,v are Fraisse objects in a category ^. Then u ~ v. If 
moreover all arrows in ^ are monomorphisms then every arrow f : u —>■ x is an isomor- 
phism. 

Proof. Applying (U) for v, we find a morphism f^: u ^ v which, using (A) for m, has 
a left inverse go: v u, i.e. go o fo = id„. Now, using (A) for we obtain an arrow 
/i : n — > f such that fio g^ = 'A^. Observe that 

/l = /l o id„ = /i o {gQ o /o) = (/i o go) o /q = id^ o /q = /q. 

Hence /o o (yig = id^,, which shows that /o is an isomorphism. 

Finally, let / : u ^ a; be a morphism in ^. Again by (A), / has a left inverse g 
Assuming g \s a. monomorphism, we deduce that f og = idx, because go{f og) 
Thus / is an isomorphism. 



3.2 The existence 

We present below a simple yet useful criterion for the existence of a Fraisse sequence. 
In case of sequences of length ^ Ki, this criterion becomes a characterization. 
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Theorem 3.5 (Existence). Let k be an infinite regular cardinal and let ^ he a K-bounded 

category which has the amalgamation property and the joint embedding property . Assume 
further that T C Arr(^) is dominating in ^ and \T\ ^ k. Then there exists a Fraisse 
sequence it of length n in ^. 

Proof. Let Dom(jF) = {aa}a<K and enumerate T as {fa}a<K so that for each f & T 
the set {a: f = fa} has cardinahty k. We shall construct inductively the sequence u, 
so that the following conditions are satisfied: 

(i) u^* o = u'^ for every ^ < rj < a. 

(ii) Ua e Dom(.F) and ^{aa,Ua) 7^ 0- 

(iii) Given ^ < a, if dom(/Q,) = then there exists an arrow h in A such that 

We start with uq = ao. Assume that [3 < k, is such that and uj have been constructed 
for a\\ < rj < (3. Using the fact that ^ is K-bounded, find v E ^ and ja : ^ v such 
that = jr^ o vP^ holds for every ^ < rj < j3. Using the joint embedding property, we 
may ensure that ^{ap, v) 7^ 0. Now, il fp: ^ y and a < (3 then using amalgamation 
we may find arrows h: v ^ w and g: y ^ w so that g o fp — h o j^^ holds. Using (Dl), 
we may further assume that w E Dom(jr). Finally, set up :— w and :— h o for 
^ < (3. It is clear that conditions (i) - (iii) hold. 

It follows that the construction can be carried out. It remains to check that u: k, ^ ^is 
a Fraisse sequence. Condition (i) says that u is indeed an inductive sequence. Conditions 
(Dl) and (ii) imply (U). In order to justify (A), fix ,^ < «; and / G ^{u^, x), where x E ^. 
We need to find a > ^ and an arrow g so that g o f — u"^. Since E Dom(J^), using 
(D2), we can find g E J- such that g ~ k o f ior some arrow k. Now find a > ^ such 
that fa = g- By (iii), hog — u'^~^^ for some arrow h. Hence {ho k) o f — ^1"*"^, which 
completes the proof. □ 

3.3 Cofinality 

Below we discuss the crucial property of a Fraisse sequence: cofinality in the category 
of sequences. 

Theorem 3.6 (Countable Cofinality). Assume u is a Fraisse sequence in a category 
with amalgamation ^. Then for every countable inductive sequence x in K there exists 
a morphism of sequences F: x ^ u. 
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Proof. We use the extension property (property (E)) of the sequence u, which is equiv- 
alent to the amalgamation property of A (Proposition 13. ip . Let x be an tu-sequence in 
Using (U), find an arrow fo'. xq ^ Uag- Now assume that arrows /o, . . . , fn-i have 
been defined so that fm- Xm ^ and the diagram 

fi 

Xi — Ma, 



fk 

Xk ^ Wq,j, 

commutes for every k < i < n {in particular ao ^ «i ^ • • • ^ «n-i)- Using (E), find 
an ^ ctn-i and an arrow /: that /oa;^_i = u"i__^ofn^i and define /„ := /. 

Given m < n — 1, by the induction hypothesis, we get 

fn OXl = Uo Xl_, O ' = <:_, O O ' = <:_, O O = O 

Finally, setting F = {fn}neiu, we obtain the required morphism F : x ^ u. □ 
The above proof can be easily extended to uncountable sequences, assuming continuity: 

Theorem 3.7. Let ^ be a category with the amalgamation property and let u be a 
Fraisse sequence of a regular length k, in R. Then for every continuous sequence x G 
Seq^^(.^) there exists an arrow of sequences F: x u. 

Proof. We repeat the construction from the proof of Theorem 13.61 In the case of a 
limit ordinal 5, we let as to be the supremum of {a^ : ^ < 5} and we define to be 
the unique arrow satisfying fsox^^ = fa for every a < 6. This is possible, because 
xs together with the cocone of arrows {x|}^<5 is, by assumption, the colimit of x \ 6. 
Thus, the construction from the proof of Theorem 13.61 can be carried out, obtaining the 
desired arrow F: x ^ u. □ 



We shall see later that an uncountable Fraisse sequence may not be cofinal for ooi- 
sequences. From Theorem 13.61 we immediately get the following characterization of the 
existence of a Fraisse sequence of length Ui. 

Corollary 3.8. Let ^ be a category with the amalgamation property. There exists a 
Fraisse sequence of length uji in ^ if and only if ^ is a-bounded and dominated by a 
family of at most Ki arrows. 

Proof. The "if part is a special case of Theorem 13.51 Let u be an cui-Fraisse sequence 
in Then K has the joint embedding property and the family {u^^: a ^ [3 < uji} is 
dominating in ^. Fix x G cr^. Theorem 13.61 says that there exists an arrow of sequences 
/: X — > so some Ua provides a bound for x. Thus, every countable sequence is 
bounded in ^. □ 
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3.4 The back- and- forth principle 



Fix a category R and let u, v be Fraisse sequences in We shall say that {u, v) 
satisfies the back- and- forth principle if for every a below the length of u, for every arrow 
f : Ua —>■ V there exists an isomorphism of sequences h: u v such that hoi^ = i.e. 
the following diagram commutes: 



^ h ^ 
U ^ V 




Since there exists at least one arrow f : uq ^ v, this implies that u ^ v. It turns out 
that countable Fraisse sequences always satisfy the back-and-forth principle. We shall 
see in Section I6l2] that this not true for sequences of length ui. 

Theorem 3.9 (Uniqueness). Assume that u, v are uj -Fraisse sequences in a given 
category ^. Assume further that k,i < u and f : ^ vi is an arrow in Then there 
exists an isomorphism F: u —>■ v in such that the diagram 

^ F ^ 
u *■ V 

commutes. In particular u ^ v. 

Notice that in the above statement we do not assume that the given category has the 
amalgamation property. 

Proof. We construct inductively arrows /„: Uk„ — > g-n'- — > where /cq ^ 

£o < ^1 ^ ^1 < • • • and for each n & u the diagram 




commutes. 

We start with /q := /, fco := k, £q := i, possibly replacing / by some arrow of the 
form o / to ensure that k^ ^ Eq. Using property (A) of the sequence u, find ki > k^ 
and gi'. vq — > u^^ such that gi o f = Uq". Assume that fmiQm have already been 
constructed for m ^ n. Using the amalgamation of v, find in+i ^ kn+i and an arrow 
fn+i '■ Ukn+i ~^ "^^n+i such that fn+i ° gn = vj"'^^ . Now, usiug the amalgamation of u, we 
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find kn+2 > L+i and an arrow g^+i: Ve^^^ Mfc„+2 such that g^+i o = By 

the induction hypothesis, gn° fn = ^a-^^^ 5 therefore the above diagram commutes. This 
finishes the construction. 

Finally, set F = {fn}neuj and G = {gn}neuj- Then F : u v, G : v u are morphisms 
of sequences and by a simple induction we show that 

(*) ^7n o o = M^^^i and /«°<Ui°^7m = ^t 

holds for every m < n < uj. This shows that F o G = jd^? and G o F = id^:, therefore 
F is an isomorphism. The equality o f = F o u"^ means that Vq" o f = fn ° Uq" 
should hold for every n G cu. Fix n > 0. Applying (*) twice (with m = and m = n — 1 
respectively), we get 

fn O 4- = fn O gn-1 O V^' O / = vl:_^ O O / = O /. 

Thus o f = F ou'^. 

Finally, notice that, by property (U) of the sequence v, for some i < u there exists an 
arrow / : Uq ^ V£, so applying the first part we see that u ^ v. □ 

In general, there are examples of incomparable Frai'sse sequences of length tui, so the 
back-and-forth principle may fail. However, in case of a continuous category the above 
arguments are easily generalized - this has already been done in |2] . Since our approach 
differs from that in |2j, we shall give a detailed proof. 

Theorem 3.10. Let k, > ^0 be a regular cardinal and let K be a ^.-continuous category. 
Then every two Frai'sse sequences of length n in ^ satisfy the hack- and- forth principle. 

Proof. [...] □ 

*** 



TO DO: 

• Straightforward applications: Frai'sse- Jonsson theory, reversed Frai'sse limits, the 
results of Droste & Gobel. 

• Some examples (not too many!). 
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4 Fraisse sequences and functors 



Assume ^ is a category with amalgamation which has a Fraisse sequence u of an un- 
countable regular length /t, but the category itself is not ^-continuous. Then there is 
no direct way to show that u is cofinal in Seq^^(^). The same applies to the back-and- 
forth principle. In fact, both cofinality and the back- and- forth principle for uncountable 
sequences sometimes fails. However, in some situations we can "move" our Frai'ssc se- 
quence to a different category showing its cofinality in the new category. This makes 
sense only if after moving the sequence we do not use too much information. In this 
section we discuss preservation of Fraisse sequences with respect to functors and we 
introduce the notion of a Fraisse sequence over a functor, which is useful in some ap- 
plications. We explain our motivation below. 

*** 

Let £ be the category of nonempty compact metric lines with increasing quotients 
(such maps are automatically continuous). Consider two natural subcategories of £. 
Let .ft C £ have the same and objects as £, while an arrow f : X ^ Y belongs to ^ 
if and only if it is right-invertible in the category of compact spaces. In other words, 
/ : X — > y is an arrow in .ft iff / is an increasing quotient and there exists a continuous 
(necessarily increasing) map j: Y ^ X such that f o j = idy- Finally, let .ftg be the full 
subcategory of .ft whose objects are all 0-dimensional (metric compact) lines. The last 
category is dominated by a single arrow (see [...]) and hence it has a (reversed) Fraisse 
sequence u of length cji. Now observe that u is no longer Fraisse in .ft, because it fails 
property (U). Further, u has property (U) when considered in £, but it clearly fails 
(A) in £. On the other hand, u satisfies the following variation of (A): given ^ < Ui 
and an arrow f : ^ y in ^, there are f] ^ ^ and an arrow 51: y — > in £ so that 
= 9 ° f- Moreover, ^ satisfies the following version of amalgamation: given arrows 
f : z ^ X, g: z ^ y such that / G .ft and g E there are arrows /' G £ and g' E ^ 
with f ° f = g' o g- Adding the fact that the Fraisse sequence -u can be made continuous 
in £, it turns out that these properties arc sufficient to conclude that u is cofinal in £ 
for all a;i-sequences from K. Since every isomorphism in £ is also an isomorphism in 
Mq, we shall further conclude that u satisfies the back-and-forth principle in .fto. 
We shall come back to this example later. 

*** 

TO DO: 

• Preserving Fraisse sequences. 

• Functors with amalgamation. 

• Back-and-forth Principle revisited. 
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5 Retractive pairs 



In this section wc describe a general construction on a given category, which is suitable 
for apphcations to the theory of Valdivia compacta and Banach spaces. This construc- 
tion had been used by D. Scott [...] for getting certain models of unsigned A-calculus. 
We fix a category Define to be the category whose objects are the objects of ^ and 
a morphism f : X ^ Y is a pair (e.r) of arrows in ^ such that e: X ^Y, r:Y ^ X 
and r o e = idx- We set e(/) := e and r(/) := r, so / = {e{f),r{f)) . Given morphisms 
f : X ^ Y and g: Y ^ Z in ^, we define their composition in the obvious way: 

9°f-^ {e{g),r{g)) o (e(/), r(/)) := {e{g) o e{f),r{f) o r{g)). 

It is clear that this defines an associative operation on compatible arrows. Further, 
given an object a G ^, pair of the form (id^, id^) is the identity morphism in Thus, 
is indeed a category. Note that / i— > e(/) defines a covariant functor e from \K into 
^ and / 1-^ r(/) defines a contravariant functor r : — > ^. 

Now let /: Z — > X and g: Z ^ Y he arrows in We say that arrows h: X ^ W, 
k: Y ^ W provide a proper amalgamation oi f,g ii h o f = k o g and moreover 
e{g) o r(/) = r{k) o e{h), e(/) o r{g) = r{h) o e{k) hold. Translating it back to the 
original category this means that the following four diagrams commute: 



W 



e{h) 



X 



e{k) 



e{f) 



Y 



e{9) 



We draw arrows 



W 

r{h) 

X 
and 



r(k) 



rU) 



Y 



W 



r(g) e{h) 



r{k) 



r(f) 



Y 



W 



e{k) 



Y 



e{g) r{h) 



X^^Z 



X 



e(/) 



r{g) 



<z 



in order to indicate mono- and epimorphisms 



respectively. We shall say that |^ has proper amalgamations if every pair of arrows in 
\A with common domain can be properly amalgamated in J^. 
Below is a useful criterion for the existence of proper amalgamations. 

Lemma 5.1. Let ^ be a category and let f,g be arrows in with the same domain. 
If e{f), e{g) have a pushout in ^ then /, g can be properly amalgamated in X^. 

Proof. Let h: X ^ W and k: Y ^ W form a pushout of e(/), e{g). Consider the 
following diagram: 

X^Z 
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The dotted arrows indicate unique morphisms completing appropriate diagrams, i.e. j 
is the unique arrow satisfying equations j o h = e{g) o r(/), j o k = idy and i is the 
unique arrow satisfying equations i o k = e(/) o r{g), i o h = idx- Consequently, {k,j) 
and {h,i) are morphisms in Set s = r{f) o £. Then 

(1) s ok = r{f) o i o k = r{f) o e(/) o r{g) = r{g) and s o h = r{f) o io h = r{f). 

Recall that r{f)e{f) = idz = 'r{g)e{g). Since k,h is a. pushout of e(/), e{g), we deduce 
that s must be the unique arrow satisfying (1). Now let t = r{g)oj. Similar computations 
show that tok = r{g) and toh = r{f), therefore by uniqueness we deduce that s = t or, 
in other words, r(/) oi = r{g) oj. This shows that the full diagram is commutative and 
hence {k,j) and {h,i) provide a proper amalgamation of f,g in the category □ 

As an example, if A is the category of nonempty sets, then Lemma [5TT] says that category 
1^ has proper amalgamations. We show below that a typical amalgamation in may 
not be proper. 

Example 5.2. Consider the category of nonempty sets 6et+. Let a, b, c, d be pairwise 
distinct elements and set Z = {a}, X = {a,b}, Y = {a,c} and W = {a,b,c}. We 
are going to define arrows f : Z ^ X , g: Z Y , h: X ^ W and k: Y —>■ W in 
the category ^Set"''. Let e(/), e{g), e{h) and e{k) be the inclusion maps and let r(/) 
and r{g) be the obvious constant maps. Finally, let r{h){c) = a and r{k){b) = c. This 
already defines r{h) and r{k), since these maps must be identity on the ranges of e{h) 
and e{k) respectively. It is clear that h o f = k o g^ i.e. h,k amalgamate f,g in the 
category ifSet'*'. On the other hand, e{g) o r{f){b) = a and r{k) o e{h){b) = c, therefore 
e{g) o r(/) ^ r{k) o e{h). Note that actually e(/) o r{g) = r{h) o e{k) holds, although 
redefining r{h){c) to b we can get e(/) o r{g) ^ r{h) o e{k). 

Let be a fixed category. We have already seen that if left-invertible arrows have a 
pushout in then ^ has proper amalgamations. This is still insufficient to get cofinality 
for uncountable sequences. It turns out that usually |^ is not continuous, however one 
can consider the following weakening of continuity, which is good enough for applica- 
tions. 

We say that a sequence x in is semicontinuous if e[x\ is continuous in The dual 
notion of semicontinuity with respect to the functor r can be obtained by considering 
tj^°P instead of X^. 

Theorem 5.3. Assume ^ is a category and u is a semicontinuous Fraisse sequence in 
of a regular length k. IfX^ has proper amalgamations then for every semicontinuous 
sequence x G Seq^^(|.^) there exists an arrow of sequences f : x ^ u. 

Proof. We construct a sequence of arrows fa'- u^^a) so that {ip{a)}a<n is strictly 

increasing and 
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(ii) ^ r (u;^^) o e(/,) = e(/^) o r {x^. 



We start with fo' xo ^ u^{o) obtained from the fact that u is Prai'sse. Fix an ordinal 
P > and assume have been defined for all ^ < p. 

Suppose first that f3 = a + 1. Find arrows g: Xa+i ^ y, h: u^{^a) ^ U which provide 
a proper amalgamation of x'^^ and fa- Using the amalgamation property of m, find 
(p{a + 1) > and an arrow k: y ^ '"(^(a+i) such that = k o h. The situation 

is described in the following diagram: 



w(a+l) 



■X, 




Define fa+i = k o g. By the induction hypothesis, it suffices to check (i) and (ii) with 
^ = a and r] = a + 1. That (i) holds follows from the above commutative diagram. It 

remains to check that r ^w^^^^^''^ o e{fa+i) = e{fa) o r (x^^^). We know that 

(1) r(/i)oe(y) = e(/„)or«+^), 
because g, h properly amalgamate x""^^ and fa- On the other hand, 

(2) r (u^ll^^^^ o e{k) = r{h) o r{k) o e{k) = r{h)- 
Using (1) and (2) we get 

Suppose now that /? is a limit ordinal. Define (fi{P) — sup^^f^(p{$,)- Then (p{P) < k is 
a limit ordinal, because the sequence {^p{O}i<0 assumed to be strictly increasing. 
Thus, M<^(/3) together with the cocone of arrows {^^}^</3 is the colimit of the sequence 

/9 — > ^, where — and w| = e ^^^[^j^ Thus, by (i), there exists a unique 
arrow e: xp ^ '^ip{i3) such that the diagram 



(3) 



X^: 



<4) 



.X/s 



13 



commutes in ^ for every ^ < /5. Similarly, using (ii) and the fact that Xj3 is the colimit 
of e[x I" P] in ^, we find a unique arrow r: Xp such that the diagram 

(4) ^ 

^Xp 

commutes for each ^ < (3. By uniqueness, we get r o e = iii.^, so setting fp := (e, r) 
we define an arrow in Diagram (jlj) says that (ii) holds with rj := (3. Fix ^ < /3. 

Diagram ([3]) says that e(/^) o e(x^) = e (^"^^l^) j ° ^(/c) holds. It remains to show 
that r(x^) o r(/^) = r(/^) o r j holds for every ^ < [3. For fix ^ < /3 and let 

Pa := '"'Ws) ° '''('"^{^)) ^ If a < «' then 

Pa' o e«') = r(/5) o r«' o m^^^^) o e«') = r(/g) o r(M^(^)) o r«') o e«') = p„. 

Thus, by semicontinuity, there exists a unique arrow q: u^(/3) ^ in ^ satisfying 
Pa o e{ua^^^) = g for a G [(p{^),(p{l3)). On the other hand, q := r(x^) o r(/^) satisfies 

this. In particular, setting a := V'(O) we get r{x^^)or{fp) = r(/^)or (^^i^(^) This shows 
that the construction can be carried out until we reach the length of the sequence x, 
which is assumed to be not greater than n. This completes the proof. □ 

In order to apply the above theorem, we shall need the following fact about sequences 
of left-invertible arrows. 

Proposition 5.4. Let x be a continuous sequence in a category ^ and assume that each 
bonding arrow x^ is left-invertible in Then there exists a sequence y in such that 

x = e[y\. 

Proof. [...] □ 
We now turn to the question of homogeneity and uniqueness. 

Theorem 5.5. Let ^ be a category. Every two semicontinuous Fraisse sequences of the 
same regular length in \^ satisfy the back-and-forth principle. 

Proof. Let u, v be semicontinuous Fraisse sequences of length k = cf k in and let 
f : Uq —>■ V he given. We define inductively strictly increasing functions ip: n —>■ k, 
ip: K ^ K and arrows fa - u^{a) — ^ v^(^a), da - v^^a) — ^ Uip{a+i) in so that 

(i) a ^ i/jia) < (p{a) ^ i/jia + 1). 
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(iii) ^ <ri -- 



u 



V>(a) 



and fa+i o 



fi - frj 



O U 



We start with ip{0) = 0, ip{0) = a and /o = /, where < a < k is such that / is 
equivalent to /o : Mq ^ fa- 
Fix P > and assume that (p \ j3, ip \ {fa}a<i3 and {ga}a<i3 have aheady been 
defined. In case where /3 is a successor ordinal, we proceed like in the proof of Theorem 
13.101 using the fact that both sequences are Frai'sse, we first define //3 and later g^, so 
that (i)-(iii) hold. So assume /? is a limit ordinal. 

Let g := sup„<^v9(a) = sup^^pip{a). Define v^(/3) := ipiP) '■= Q- Semicontinuity says 
that Ug with the cocone of arrows {e('u^(Q,))}a</3 is the colimit of the sequence e[uo {ip \ 
P)] in Similarly, Vg is the colimit of e[v o (^ip \ Thus, there exist unique arrows 
Ug in ^ such that the diagrams 



P: Ug Vg, q: Vg 

(*\ Ur,. 



i/>(a) 



Xc« + l)y 



' / \ 



commute for every a < /?. In particular, q o p = iiug and p o q = id^g, so := {p, q) is 
an arrow of (in fact, it is an isomorphism between Ug and Vg). We need to check (iii) 
with 7] := j3. For fix ^ < /3. The first diagram in (j*]) says that 



e u 



We need to show that 
(2) 



ifd 



or W 



V(0 



>(0 



We shall use the fact that Vg is the colimit of e[f o {p\ restricted to the ordinal interval 
Given a G define 



ih) 



o r W 



Then fc^ : 



— i> is an arrow in ^. Observe that for a < a' we have 



r(/^) o r 1 1> 
r(/^) o r 1 1> 



ip{a) 
AO 



o r \ v 



o e f 



kry. 
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By the definition of a colimit, there exists a unique arrow k: '^^{i) satisfying 

(3) koe = 

for every a G Observe that, given a G we have 

By uniqueness, it follows that 

k = r(/5) o r . 

Now let 

For each a G using the second diagram in Q, the first part of (ii) and (iii), we 

obtain 




= r(/.o.Jg)=.(4>/,) 
= rif^) or (v^l'^^^ = k^. 

It follows that i satisfies ([3]), therefore k = £, hj uniqueness. This means that ([2]) is 
true. Recalling that g = = "ipiP), we have proved that fp o = v'^^^^ ° i-e. 
condition (iii) is satisfied with r] := (3. We still need to define ijj^P + l) and gp. Since fp is 
invertible in (its inverse is {q,p)), we may set ■ip{P + l) := g + 1 and g/s := m^^^o/^-*^. 
Clearly, condition (i) and the first part of (ii) are fulfilled. The second part of (ii) with 
a replaced by (3 is taken care of in the successor step (3 + 1, which we have already 
justified. 

Finally, like in the proof of Theorem I3.10[ we deduce from conditions (i)-(iii) that 
/ = {fa}a<tt and g = {ga}a<K are arrows of sequences in such that / extends / and, 
by condition (ii), these arrows are isomorphisms in the category of sequences. □ 

Corollary 5.6. Let n be a regular cardinal and let R be a n-continuous category. Assume 
that \A has a Frai'sse sequence of length n. Then also has a semicontinuous Fraisse 
sequence of length k. 
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Proof. [...] 



□ 



*** 

TO DO: Fill the gaps and add more comments. 

6 Applications 

In this section we collect few applications of our results - mainly of those from Section [5] 
- to Banach spaces, Valdivia compacta and linearly ordered sets. We also describe a nat- 
ural category of binary trees which has many pairwise incomparable Fraisse sequences 
of length Ui. 

6.1 Universal Banach spaces 

[History ...] 

We first discuss a Banach space which is universal for linear isometric embeddings. Its 
existence, under the continuum hypothesis, actually follows from the results of Droste 
& Gobel 12]. 

Let 5B^° denote the category whose objects are separable Banach spaces and arrows are 
linear isometrics. 

Lemma 6.1. has the amalgamation property. 

Proof. Fix X,Y, Z & and fix linear isometric embeddings f : Z ^ X and g: Z 
Y. Without loss of generality, we may assume that / and g are inclusions, i.e. Z O X 
and Z CY. We may also assume that X (lY = Z . Now let W be the formal algebraic 
sum of X and Y, i.e. W = {x + y: x & X, Y} and x + y = x' + y' whenever 
X — x' = y' — y. Let G be the convex hull of Bx and By, where Bx, By denote the 
closed unit balls of X and Y respectively. Let || ■ || be the norm induced by the Minkowski 
functional of G. Then the completion of (W, || ■ ||) is a separable Banach space which 
provides an amalgamation of / and g in 23'^°. □ 

Clearly, 03^° has an initial object, the zero space. Thus, the joint embedding property 
follows from amalgamation. The next statement is rather clear. 

Lemma 6.2. *B[|° is a -continuous. 

Theorem 6.3. Assume CH. There exists a Banach space V of density Ki such that 
every Banach space of density ^ Ki is linearly isometric to a subspace of V and every 
linear isometry T: X Y between separable subspaces ofV can be extended to a linear 
isometry of V. Moreover, the space V is unique, up to a linear isometry. 
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Proof. Assuming the continuum hypothesis, there are only Ki many isometric types of 
separable Banach spaces and there are only many types of linear isometrics. Thus, 
by Lemmas 16.11 and 16.21 and by Theorem 13. 5[ has a Fraisse sequence u of length 
(jji. We may further assume that this sequence is continuous. Let V be the colimit of u 
in the category of all Banach spaces. 

Fix a Banach space X of density ^ Ni. We can write X = IJa<a;i -^a, where {Xa}a<Lui 
is an increasing chain of closed separable subspaces of X such that Xs = cl(|J^^^ X^) for 
every limit ordinal ^ < cui. Translating it to the language of category theory, we obtain 
a continuous cji-sequence in 05^° whose colimit, in the category of all Banach spaces, is 
X. By Theorem 13. 7[ there is an arrow of sequences F : x ^ u. This arrow has a colimit 
in the category of all Banach spaces, which is just a linear isometric embedding of X 
into V . 

The second statement is obtained by the back-and-forth principle, using the continuity 
of £ □ 



We do not know much about the space V from the above theorem, although we remark 
below that it cannot be isometric to any C{K) space. 

Proposition 6.4. Let K he a compact space which contains at least two points. Then 
there exists a linear isometry T: X ^ Y between 1-dimensional subspaces ofC{K), 
which cannot be extended to a linear isometry ofC{K). 

Proof. Fix a ^ b in K. Let X consist of all constant functions on K. Let R : C{{a, b}) — »• 
C{K) be a regular extension operator for the inclusion {a, b} C K. That is, is a linear 
operator which assigns to each / G C{{a, b}) its extension Rf G C{K) so that Rl = 1 
and Rf ^ whenever / ^ 0. For example, let {Rf){t) = ^{t)f{a) + (1 - ip{t))f{b), 
where ip: K ^ [0,1] is a. continuous function such that ip{a) = 1 and ip{b) = (which 
exists by Urysohn's Lemma). Note that R is an isometric embedding of C{{a,b}) into 
CiK). 

Now define T: X — > C{K) by Tl = Rl{a}, where l^a} is the function which takes value 
1 at a and value at b. Let Y = T[X] = {XRl^a} '■ A G M}. Then T is an isometry. 

Suppose T: C{K) — > C{K) is a linear isometry extending T. Let v = (T) ^[i?l{5}]. 
Then It'll = 1. By compactness, there exists t & K such that \v{t)\ = 1. Let a = v{t) 
and consider u = R^al^a} + l{fe}) = «-Rl{a} + R^{b}- Notice that \\u\\ = 1, while 
||(T)-1(m)|| = ||alx + t^|| ^ \a + v{t)\ = 2. Hence ||(T)-i|| ^ 2, a contradiction. □ 

It is well known that, under the continuum hypothesis, the compact space u* := i3u!\uj 
is the universal continuous preimage for compact spaces of weight ^ Ki. Moreover, 
uj* is homogeneous with respect to quotients on metrizable compacta. In fact, these 
statements hold without any extra set-theoretic assumptions, see [...]. Now let W = 
^oo/co = C{u!*). Then W contains a linear isometric copy of any Banach space of density 
^ Ki. Indeed, if X is such a space then X C C{K), where K is the unit ball of the 
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dual space X*. Now, a quotient map f : u* ^ K induces a linear isometric embedding 
of C{K) into C{ijj*) = ioo/cQ- Let V be the space from Theorem 16.31 By the above 
proposition, V is not linearly isometric to any space of the form C{K), where K is 
a compact space. In particular, V ^ C-oo/cq. We do not know whether V could be 
just isomorphic to C{K) for some compact space K of weig ht Ki = 2^0. Motivated by 
topological properties of the compact space [3uj \ uj, we ask: 

Question 6.5. Does there exist in ZFC a Banach space V of density 2^" which has 
properties like the space in Theorem 16.31 ? 

We now turn to a more special class of Banach spaces, namely Banach spaces with 
projectional resolutions. From this point on, we consider the category QS^^q whose objects 
are again all separable Banach spaces and arrows are linear operators of norm ^ 1. We 
shall apply the results of Section [51 Our aim is to obtain a universal Banach space 
with a projectional resolution of the identity or, euqivalently, with a countably norming 
Markushevich basis. 

Lemma 6.6. Let j : Z ^ X , g: Z Y he left-invertible arrows in ^i^^. Then f,g 
have a pushout in Q3ho- 

Proof. We may assume that X = Z ® Xi., Y = Z ® Yi and /, g are the canonical 
embeddings. Let W = Z©Xi © Yi and let G be the convex hull of Bx Ui?y, where Bx, 
By denote the closed unit balls of X and Y respectively. Let || ■ || be the Minkowski 
functional of G. Then W becomes a Banach space and there are natural embeddings 
f : X ^ W, g' : Y ^ W. It is easy to see that /', g' is a pushout of /, g. Indeed, let 
p: X ^ U , q: Y U he arrows of QS^o such that po f = qo g. There is a unique linear 
transformation h: W U such that hof = p and hog' = q. Observe thatp[i?x] ^ Bu 
and qlBy] C Bu, therefore h[G] Bu-lt follows that ^ 1. □ 

Lemma 6.7. Let a: u ^ be such that is left-invertible in for every m < 
n <uj. Then a has the colimit in QSt<„. 

Proof. The assumption that is left-invertible is superfluous: it suffices to assume 
that each linear isometric embedding. We may assume that C a„ for m < n 

and that is just the inclusion for m < n. Let Xq = IJn<w'^«- Then Xq is a normed 
linear space, endowed with the obvious norm. Let X be the completion of Xq. We claim 
that X together with the cocone of inclusions ajf : a„ ^ X is the colimit of a. For fix an 
object y G and a family of arrows {fn}n<Lu such that /„ : an ^ y and fn = fm° a™ 
for every n < m < u. There is a unique function Hq: Xq ^ y satisfying /iq o ajf = fn- It 
is clear that Hq is linear and HHqW ^ 1. Thus, Hq has a unique extension to a continuous 
linear transformation h: X —>■ y. Clearly, \\h\\ ^ 1 and h o aj^ = holds for every 
n < u. □ 

We now have all ingredients needed to construct a universal Banach space with a PRI. 
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Theorem 6.8. Assume CH. There exists a Banach space E with a PRI and of density 
Ki, which has the following properties: 

(a) The family {X C E: X is 1 -complemented in E} is, modulo linear isometrics, 
the class of all Banach spaces of density ^ b^i with a PRI. 

(b) Given separable subspaces X,Y C E, norm one projections P: E ^ X, Q: E ^ 
Y and a linear isometry T: X ^ Y, there exist a linear isometry S: E ^ E 
extending T and satisfying P o S"^ — T~^ o Q. 

Moreover, the above properties describe the space E uniquely, up to a linear isometry. 

Proof [...] □ 



6.2 Binary trees 

In this subsection we describe the announced example of a category of trees which has 
many pairwise non-equivalent cJi-Frai'ssc sequences. 

By a tree we mean a partially ordered set (T, ^) which is a meet semilattice, i.e. every 
two elements of T have the greatest lower bound, and for every t E T the interval 
{x E T: X < t} is well ordered. Every tree T has a single minimal element Ot, called 
the root of T. An immediate successor of f e T is an element s > t such that no x E T 
satisfies t < x < s. A subtree of a tree T is a subset S C T which is closed under the 
meet operation. A tree T is binary if every t E T has at most two immediate successors. 
We shall denote by maxT the set of all maximal elements of T. A tree T is bounded 
if for every x E T there is t E maxT such that x ^t. Recall that an initial segment of 
a poset (T, is a subset ^4 of T satisfying {x E T : x ^ t} C A ior every t E A. A 
subset A of T is closed if sup C E A for every chain CCA. This is equivalent to saying 
that A is closed with respect to the interval topology on T generated by intervals of the 
form [0,t] and (s, t], where s <t. 

We define the category T2 as follows. The objects of X2 are nonempty countable 
bounded binary trees. An arrow from T E %2 into 5" e T2 is a semilattice embedding 
f:T^S such that /[T] is a closed initial segment of S. 

A tree T is healthy if every element of T\max(T) has at least two immediate successors 
and for every t E T and a < ht(T) there exists s ^ t such that LevT(s) ^ a. An example 
of a healthy tree of height cui is 

T^{xE 2<^' : \{a: x{a) = 1}| < ^o}- 

Note that all levels of T are countable. Setting Ta = {x E T: dom{x) C a + 1}, we 
obtain an inductive sequence {Ta}a<oji in the category %2- More generally, if S is any 
binary tree of height cui whose all levels are countable then, setting 

Sa = {x E S : the order type of [0, x) is ^ a} 
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we obtain an inductive sequence in T2, where each is the inclusion, which is an 

— * 

arrow in T2. We shall say that S is the natural decomposition of S. 

Lemma 6.9. Let V & %2 be a healthy tree of height a + 1. Then every T e T2 with 
ht(T) ^ a + 1 is isomorphic to a closed initial segment ofV. 

Proof. Denote by DJl the class of all nonempty bounded binary trees T of height ^ 
a + 1 such that max(r) is finite. Given such a tree T, write max(T) = {wq, . . . , Wm-i} 
and define inductively Tq — [0, Wq] and := [0,^^] \ (Tq U • • • U T^-i). Then V = 
{To, . . . , Tm-i} is a natural decomposition of T into connected chains, induced by the 

enumeration of max(T). 

Let £ be a category whose objects are pairs {T,V), where T G 9Jt and P is a natural 
decomposition into connected chains induced by an enumeration of max(T), as described 
above. Given (T, V) , {S, T) E £, an arrow in £ is a tree embedding f:T^S with the 
following properties: 

(a) For each D eV there is F e ^ such that f[D] is an initial segment of F. 

(b) For each F E !F there exists at most one D such that f[D\ C F. 

It is clear that these properties are preserved under the usual composition, so £ is 
indeed a category. Now consider the given healthy tree V with max(y) = {en}n&uj and 
define — Uj^n[0' ^il- ^® decomposition of induced by the enumeration 

{eo, . . . ,e„} of max(y"). Then {V.V) e £ and = {{V ,V'')}ne<^ is an inductive 
sequence in £. We claim that: 

(1) V" is a Fraisse sequence in £ which has property (E). 

(2) If T is an inductive sequence in £ and / = {fn\n£u} is an embedding of T into 
V then the embedding f:T^V induced by / has the property that f[T] is a 
closed initial segment of V. 

We first show (2): Fix y e V \ f[T]. Find m and D e such that y e D. Let <S„ be 
the natural decomposition of T„, S = Une^'^"- Then there is at most one S E S such 
that f[S] C D. Moreover f[S] is closed in D, so \ /[S*] is a neighborhood of y disjoint 
from f[T]. 

For the proof of (1), fix {T,J^) G £ and assume /: T — > V„ is an arrow in £. Let 
T C T' and let J^' D so that the inclusion T C T' is an arrow between (T, J^) and 
(T', JF'). Without loss of generality, we may assume that T' = T V) {^}, i-e. T' differs 
from T by only one new branch. Let a = rain A. Then, by the definition of the natural 
decomposition, a has an immediate predecessor c E T (note that G T so a > 0). 
Find F E such that c E F. Then /(c) has exactly two immediate successors in V 
and at most one belongs to f[T], since c has only two immediate successors in T. Let 
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(i G V \ f[T] be an immediate of /(c). Find a big enough m > n so that there exists 
D G with d & D. Since each maximal element of V has height a, D is a cofinal 
branch in V and hence A can be (uniquely) embedded into D as an initial segment. 
This embedding defines an extension f : T' —>■ Vm of /. Since £ has a minimal object, 
this shows that V is Fraisse and satisfies (E). 

Finally, fix T G with ht(T) ^ a + 1. Decompose T into an inductive tu-sequence, 
according to a fixed enumeration of max(T). Claims (1) and (2) say that T can be 
embedded into \^ as a closed initial subtree. This completes the proof. □ 

Theorem 6.10. Assume U is a healthy binary tree of height uji, whose all levels are 
countable. Let U be the natural ^2- decomposition of U . Then U is a Fraisse sequence 
in T2 which has the extension property. In particular, T2 has both the amalgamation 
and the joint embedding property. 

Proof. Note that T2 has a minimal object, namely the one-element tree. Clearly, such a 
tree embeds into Uq. It suffices to show that U satisfies (E) - it will then follow that U is 
a Fraisse sequence. Since there exists a healthy binary tree of height uji with countable 
levels, we shall be able to conclude that T2 has a Fraisse sequence satisfying (E) and 
consequently T2 has both the amalgamation and the joint embedding property. Thus, 
it remains to show that U has the extension property. 

Fix a < uji and fix an arrow / : T — > in T2 and assume that T is a closed initial 
subtree of S, i.e. the inclusion T C 5* is an arrow of T2. Fix a < cji so that ht(5') < a. 
Let {sn : n G cu} enumerate all minimal elements of S" \ T. Let tn be the immediate 
predecessor of s„. Then tn & T. Recall that f(tn) has exactly two immediate successors 
in Ua and at least one of them does not belong to f[T], since otherwise t„ would already 
have two immediate successors in T. Let ?/„ be an immediate successor of /(tn) which 
does not belong to f[T]. Let Vn = {y & Ua- y ^ y-n}- Then is a healthy binary 
tree of countable height. By Lemma W9\ we can embed Gn = {s E S : s ^ s„} onto a 
closed initial segment of Vn- Combining all these embeddings, we obtain an extension 
f:S—^Uaoif. We claim that f[S] is closed in Ua- Indeed, if C C S* is a chain and 
C ^ T then c ^ Sn for some c G C and for some n. Thus sup C exists in S and hence 
sup J[C] exists in 7[G„] C J[S] . □ 

Theorem 6.11. Assume U and V are uJi-Fraisse sequences in T2 inducing healthy 
trees U and V respectively. Assume further that F: U —>■ V is an arrow of sequences. 
Then the trees U, V are isomorphic. 

Proof. Let f : U —>■ V he the embedding induced by F, i.e. assuming both U, V are 
chains of trees, / is the union of arrows fa - Ua ^^(q) "^2, where ip : ui ^ ui is an 
increasing function. We claim that f[U] is closed in V"^(q). Suppose otherwise and fix a 
sequence < xi < . . . in U such that y = sup^g^ fi^n) ^ f[U]- Find P < ui such that 
{Xn-- ri e u} C Up and y G V^^p)- Then f{xn) = fp{xn) and y ^ fp[Up], which shows 
that fp is not an arrow in T2, a contradiction. 
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We finally claim that V = f[U], which of course shows that / is an isomorphism. 
Suppose V 7^ f[U] and fix a minimal element y G V \ f[U]. Find a < ui such that 
y G V'^(a)- Since f[U] is closed in V^^a), y has an immediate predecessor, say v = f{u). 
Let a, h be the two immediate successors of m in ?7 (which exist, because U is healthy). 
Then either y = f{a) or y = f{b), because V is binary and f[U] is an initial segment 
of U. This is a contradiction. □ 

It can be easily shown that every tree induced by an cui-Fraisse sequence in T2 is healthy, 
therefore this assumption can be removed from the above statement. 
Recall that sequences a and b of the same length are comparable if there exists an arrow 
of sequences / such that either / : a b or f : b ^ a. Otherwise, we say that a and b 
are incomparable. 

Corollary 6.12. There exist two incomparable uoi-Fraisse sequences in T2. 

Proof. Let [/ = {x G 2^'^^ : < Kq} and let be a healthy binary Aronszajn 

tree. Clearly, U and V are not isomorphic. Both trees can be naturally decomposed into 
cji-sequences U and V respectively. By Theorem 16.101 U and V are Fraisse sequences. 
By Theorem 16.111 these sequences are incomparable. □ 

*** 

TO DO: 

• A universal Valdivia compact of weight Ki, under CH. 

• A universal linearly ordered Valdivia compact; retractive linearly ordered sets. 
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